ABSTRACT. For all 2 ≤ q ≤ dim(X) and most relevant p values, the dimension of the asymptotic Koszul cohomology group K p,q (X, B; L d ) grows exponentially with d.
NOTATIONS AND CONVENTIONS
Let L be a line bundle and B a coherent sheaf on a variety X. A linear system on X, belonging to L, is by definition a vector space V endowed with a map, not necessarily injective, V → H 0 (X, L). This induces a map of coherent sheaves V ⊗ O X → L. In our applications, we will initially take V complete, i.e. V = H 0 (X, L), but various associated linear systems, e.g. restrictions on subvarieties, need not be complete.
Given these data, the associated Koszul complexes are by definition the complexes C p,c (X, B, L, V) :
where we use customary additive notation: B + aL := B ⊗ L ⊗a . We will often suppress X, L when understood and denote this by C p,c (B, V) or C p (B, V) when c = 0. When V is basepoint free, the complex (1) admits local homotopy operators, hence it is locally acyclic, i.e. exact in strictly positive degrees. We will denote the kernel of (1)
with A ample and d as large as desired. Then the members of the Koszul complex are themselves acyclic sheaves thanks to Serre vanishing. Whenever the Koszul complex is locally acyclic and consists of acyclic sheaves, we have
It will be convenient to use the following terminology: a nonnegative complex C
• of sheaves is globally acyclic if it is locally acyclic and consists of acyclic sheaves. In this case, the hypercohomology can be identified with either the cohomology of the H 0 sheaf, or with the cohomology of the associated H 0 complex. Thus, we have
• is globally acyclic and these groups are moreover trivial for all i > 0, C • is said to be hyper-acyclic.
We will often use H • rather than H • to denote hypercohomology of a complex of sheaves, when there is no confusion.
EXPONENETIAL EIN-LAZARSFELD
Let Y ⊂ X be a smooth subvariety of dimension m = n − c and consider a subspace
In our application, we will take
Now there is a a natural quotient map
(where the target is taken to be
. This induces a natural termwise surjective map
The kernel of the latter map, denoted C B, L, V) . We call it the adapted Koszul complex (with respect to Y). Note that there is a natural map
In the sequel we will use for Y the subvariety used by Ein-Lazarsfeld [2] , which in turn is based on a construction of Eisenbud et al. [4] .
Y has dimension m = q − 2 and satisfies
Now letX be a smooth subvariety of X transverse to (or disjoint from) Y and letL,B etc denote restrictions onX. Then for any divisor B ′ we have an analogous map
Let V K ,V denote respectively the kernel and image of the restriction map V → H 0 (L).
Then we have an exact diagram
Now takeX general of the form
where H is a fixed very ample divisor as above. Note that a Koszul resolution of OX on X remains exact upon tensoring with I Y and its locally free twists, and yields a torsion-free (not locally free) Koszul resolution of OX, sinceȲ = Y ∩X = ∅ by transversality. Thus we have exact 
. This takes the form of a morphism of complexes This sheds some light on Problem 7.3 in [2] .
